Abstract. This is a survey paper on selected topics concerning the embeddability of given mappings in real flows. Particular attention will be paid to the relationship between the problem of the embeddability and functional equations. Let X be a real manifold and f : X → X be a homeomorphism. A family of homeomorphisms {f t : X → X, t ∈ R} such that f t • f s = f t+s for t, s ∈ R and f 1 = f is said to be an embedding of f . The embedding is of class C r if for every x ∈ X the mapping t → f t (x) is continuous and all f t are of class C r . We concentrate on the cases where X is an open subset of R N , X is a closed and an open interval, and X is a circle. We discuss the following problems: the existence of embeddings with suitable regularity; the conditions which imply the uniqueness of embeddings; the formulas expressing the above embeddings or their general constructions.
Introduction
Let X be a real manifold and f : X → X be a given continuous injection.
Definition 1. A family of homeomorphisms {f
t : X → X, t ∈ R} such that
is said to be a flow or an iteration group. If, in addition, f 1 = f then the flow is said to be an embedding of f or an iteration group of f .
We will say that the embedding is of class C r (monotonic) if for every x ∈ X the mapping t → f t (x) is continuous (monotonic if X is an interval) and f t are of class C r Definition 2. A family of homeomorphisms {f t : X → X, t ∈ R + } such that f t • f s = f t+s , t, s ≥ 0 and f 1 = f then it is said to be semi-embedding of f .
In the theory of dynamical systems the set X is said to be a phase space. The embeddability of a given mapping in an iteration group or semigroup is the same as an extension of a discrete time dynamical system to continuous time dynamical system without alternating the phase space.
The embeddability of a given mapping in a flow may be interpreted as follows: Let us consider a given deterministic process taking place in time. The dynamical rule of this process describes an iteration group {f t : t ∈ R} or semigroup {f t : t ∈ R + }, where iterative index t is interpreted as a time. If the rule of the transformation of the states in a phase space after time 1 describes a function f , then f t we can interpret as the changes of the states after the time t.
In this note we concentrate only on flows defined on an open subset of R N , closed and open intervals and the circle. We focus on a problem of the existence and uniqueness of embeddings with suitable regularity of one and more functions. In the case of the uniqueness of embedding we give the formulas expressing it and if there is no uniqueness we present the general constructions of these embeddings.
Historical remarks
A common source of the embedding problem and the theory of functional equations is the Schröder functional equation ϕ(f (x)) = sϕ(x). It appeared for the first time in 1871 in a paper of E. Schröder connected with continuous iteration groups. However, a fundamental theorem on the existence and uniqueness of analytic solutions of this equation proved G. Koenigs in 1884. Koenigs was the first who considered the problem of the embeddability for the holomorphic functions. Next in 1958 Szekeres created the whole theory of the embeddings of regular functions with one fixed point in the case of real intervals and regions in the complex plane. This subject was developed among others by L. Berg [2] , R. R. Coifman [6] , [7] , [8] , S. Dubic [12] , M. K. Fort Jr [13] , A. Lundberg [33] , M. Kuczma [24] , [25] , D. Krassowska [22] , H. Michel [34] , A. Smajdor [35] , [36] , [37] , [14] , M. C. Zdun [42] .
We refer below briefly the ideas of G. Szekeres in the real case (see [39] ). Let I be the interval [0, a) and f fulfil the hypothesis:
We have the following results on the existence and uniqueness of embedding.
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• If f (0) = 0 and f (x) = ax µ + o(x), x → 0, for an a = 0 and a µ > 1 then f has the unique C 1 embedding such that
for an α(t) > 0. Then α(t) = a µ t −1
for an a = 0 and a µ then f has the unique C 1 embedding such that
for a β(t) < 0 for t > 0. Then β(t) = at for t ∈ R.
The iterations groups satisfying respectively conditions (2), (3) and (4) are called the regular iteration groups of f . In each above case we know the formulas expressing the C 1 embeddings of a given function f .
where (3) is given by the formula
where
and x 0 ∈ I is arbitrary chosen. (4) is given by the formula
Iteration groups (5), (7) and (9) , where the functions ϕ, ψ and γ are given respectively by the formulas (6), (8) and (10) are said to be the principal iteration groups of f . Several authors considered the relations between the regular and principal iterations groups of the given functions (see e.g. G. Szekeres [39] , A. Lundberg [33] , H. Michel [34] , R. R. Coifman [6] , [7] , [8] , A. Smajdor and J. Ger [14] , D. Krassowska and M. C. Zdun [22] ). If in the above theorems we refuse the assumption of the surjectivity of f then we obtain the same results but for semigroups. Also one can weaken the assumptions on the regularity of the function f (see e.g. [26] ).
Let us note that the function ϕ is an injective C 1 solution of Schröder's equation
The function ψ is an injective solution of Abel's equation
The function γ is an injective solution of Böttcher's equation
It is well known that there exist infinitely many continuous embeddings of homeomorphisms. If a given homeomorphism has only fixed points at the ends of its domain then every continuous embedding expresses by the formula (5), where ϕ is a homeomorphic solution of Schröder's functional equation. This solution depends on an arbitrary function. The same embeddings can be also expressed by formulas (7) and (9) and homeomorphic solutions of Abel's and Böther's equations. More information on this topic one can find also in books [26] , [27] , [40] and the survey paper [48] .
After this introduction let us pass to selected contemporary results.
Embedding of diffeomorphisms in regular iteration semigroups in R N
It is well known that for every nonsingular square matrix S there exists a complex matrix A such that
The matrix A is called a logarithm of S. Obviously S t := e tA , t ∈ R defines a linear embedding of S. Moreover, every continuous linear embedding of S is of the above form (see [16] ). However, without any additional assumptions on S logarithm A is a complex matrix and consequently embedding S t is complex. We consider the problem when this group is real. W. J. Culver proved the following theorem.
Theorem 3 ( [10]). A linear mapping S : R
N → R N has a linear real embedding if and only if S is nonsingular and the geometric multiplicity of each real negative eigenvalue λ of S is even, that is the dimension of the subspace of eigenvectors {x : Sx = λx} is even. Moreover, S has a unique linear embedding if and only if all eigenvalues are real and positive and their geometric multiplicities are equal one.
In the case N = 2 the linear embeddings of S have a relatively simple intelligible form. To present it let us introduce the following notation. Let P = [a, b] ∈ M 2 (R) be a matrix with two linearly independent columns a, b ∈ R 2 . Put Q(t) := cos t − sin t sin t cos t .
Theorem 4 ( [38]
). Let S ∈ M 2 (R) be a nonsingular matrix.
(i) If S has two distinct real eigenvalues λ 1 , λ 2 > 0 then S has a unique linear real embedding and
where P a = λ 1 a and P b = λ 2 b. (ii) If S has an eigenvalue λ ∈ C \ R then S has countable many linear real embeddings. These embeddings are given by
where a = Re w, b = Im w and Aw = λw. (iii) If S has a unique eigenvalue λ > 0 and S = λid then S has a unique real linear embedding. This embedding is given by the formula
where Sa = λa and Sb = λa + b. (iv) If S = λid then S has infinitely many linear real embeddings. They are given by the formula
where R is an arbitrary nonsingular matrix, k is odd if λ < 0 and k is even if λ > 0.
If S is linearly embeddable then eigenvalues of S satisfy one of the assumptions from the cases (i), (ii), (iii) or (iv).
After this introduction we move on to the nonlinear case. Let r be a positive integer, 0 ≤ δ ≤ 1 and U ⊂ R N be a neighbourhood of the origin. Denote by Dif f r δ (U ) the set of all diffeomorphisms F : U → R N of class C r such that F (0) = 0 and
We make the general assumption:
. . , λ N are the eigenvalues of S := dF (0) and
, where L k are homogeneous polynomials of degree k, satisfying the system
is said to be a formal solution of the Schröder's equation
of r-th order. If F has no resonance up to the r-order that is, the eigenvalues of S satisfy the condition:
then there exists a unique polynomial function η r : R N → R N of order r satisfying system (11). If r = 2 and F satisfies (A 2 ) then F has no resonance of second order and, consequently, (12) has a unique formal solution.
Theorem 5. Let F satisfy hypothesis (A r ) for r ≥ 1 and if r ≥ 3 (12) has a formal solution of the r-th order. F has a C r semi-embedding in a neighbourhood of the origin if and only if the geometric multiplicity of each eigenvalue of dF (0) which is real and negative is even. A C r semi-embedding is unique if and only if the formal solution of (12) is unique and all eigenvalues are real and positive and their geometric multiplicities are equal one.
where {S t , t ∈ R} is a linear embedding of S and ϕ is given by the formula
where, for r = 1 with δ > 0 and for r = 2 with δ = 0 we take η r = id, otherwise η r is a formal solution of r-order of (12).
Theorem 7 ( [46]
). If a surjection F : U → U satisfies (A 2 ) with δ = 0 has a linear real semi-embedding {S t , t ≥ 0}, then there exists a unique C 2 semi-embedding of F such that dF t (0) = S t and it is given by the formula
The assumption of the surjectivity can be weakened as follows: there exists a neighbourhood V ⊂ U of the origin such that
In the case of one-dimensional space the formula
for homeomorphism F mapping [0, ∞) onto itself without fixed points in (0, ∞), differentiable at 0 such that F (0) =: s > 1 has been extensively investigated by J. Domsta (see [11] ). He has shown that:
(1) Every semi-embedding {F t , t > 0} of F such that all F t are differentiable at 0 is given by formula (13). (2) If F is continuous and differentiable at zero with F (0) > 1, but is not sufficiently regular, then the following singularities may happen: (i) limit (13) does not need to exist; (ii) limit (3) exists, but (13) does not define a semigroup; (iii) limit (13) exists and defines a semigroup, but F = F 1 .
Continuous embedding of homeomorphisms of the plane
Definition 3. A homeomorphism of the plane onto itself without fixed points which preserves the orientation is said to be a Brouwer homeomorphism or a free mapping.
The Brouwer homeomoprhisms are always embeddable but only locally. This property shows the following theorem.
Theorem 8 ( [3]
). Let f : R 2 → R 2 be a Brouwer homeomorphism. Then for every p ∈ R 2 there exist a simply connected neighbourhood U p of p and a C 0 -embedding {f t : U p → U p , t ∈ R} of f | Up . Moreover, this embedding is of the form
where e 1 = (1, 0) and ϕ : U p → R 2 is a homeomorphism satisfying Abel's equation
Equation (15) has infinitely many homeomorphic solutions. They depends on an arbitrary function defined on the closed strip bounded by two disjoint lines K and f [K]. For details see [29] .
The free mappings need not be embeddable globally on the plane. However, we can determine and characterize the groups of homeomorphisms conjugated to the group of translations. At this purpose we introduce the following definition. If a free mapping f is a diffeomorphism of class C r then f has local C r diffeomorphic embeddings. More precisely, if in Theorems 8 and 9 we assume additionally that f is a C r diffeomophism and we replace in these theorems the word "homeomorphism" by "C r diffeomorphism" then these new statements will also be true. More information on the embeddability of free mappings one can find in Z. Leśniak's papers [28] and [31] .
Embedding of homeomorphisms of the circle
In this section we consider the homeomorphisms of the circle without periodic points that is such which have irrational rotation number.
Let ρ(F ) ∈ [0, 1) be the rotation number of a homeomorphism F : S 1 → S 1 , where S 1 := {z ∈ C : |z| = 1}. To explain sense of the rotation number let us recall a well-known result of Poincaré.
Theorem 10 (Poincaré). If a homeomorphism F : S 1 → S 1 has no periodic points then there exists a unique continuous surjective monotone mapping Φ :
and Φ(1) = 1.
This theorem has also very deep applications to the solving the problem of the embeddability. Put ∆ := {F n (z), n ∈ Z} d . The set ∆ does not depend on z and either ∆ = S 1 or ∆ is a Cantor set (see e.g [9] ).
Theorem 11 ( [44], [4]). A homeomorphism F : S
1 → S 1 without periodic points is C 0 -embeddable if and only if ∆ = S 1 . Then F has a unique C 0 -embedding. If {F t : t ∈ R} is a C 0 -embedding of F then
If F is differentiable and the derivative F is of bounded variation then by Denjoy's theorem F is C 0 embeddable. If F has periodic points then we have the following characterization of the embeddability.
Theorem 12 ( [44]).
A homeomorphism F : S 1 → S 1 with periodic points is C 0 -embeddable if and only if F preserve orientation and one of the following cases occurs:
Then F has infinitely many C 0 embeddings depending on an arbitrary function.
If F has no periodic points and ∆ = S 1 then F may possess the embeddings but nonmeasurable. K. Ciepliński in [4] gave a necessary and sufficient condition for the embeddability in the nonmeasurable iteration groups. In this case F has infinitely many nonmeasurable embeddings (see also [5] ).
Denote by W the set of all sequences {a n } defined by the following way. Let {k n } be arbitrary sequence such that k n ∈ {0, . . . , n − 1}. Take a 1 := 1 and a n! := a (n−1)! + (n − 1)!k n .
Define the remaining terms a n as the rest of the division a n! by n.
It is easy to verify that {a n } ∈ W if and only if a n ∈ {0, . . . , n − 1}, a kn ≡ a n (mod n), k, n ∈ N \ {0}.
For a sequence {a n } define the sets
On can show that for every s ∈ R, {a n } ∈ W if and only if there exists a function c : R → S 1 such that c(x + y) = c(x)c(y) for x, y ∈ R, c(1) = exp 2π s and Imc = A s ({a n }) (see [4] ).
Theorem 13 ( [4]
). Let α(F ) / ∈ Q and ∆ = S 1 . The homeomorphism F is embeddable in an iteration group if and only if there exists a sequence {a n } ∈ W such that
A more difficult problem is C r -embedding of diffeomorphisms. The solution of this problem is a simple consequence of the very hard results of Herman, Yoccoz, Katznelson and Orstain (see [15] , [41] , [19] ). We present here only two of them. It turns out that C 1 embedding depends on the rotation number.
Theorem 14 (Herman, Yoccoz) . Let F be a C r circle diffeomorphism, r ≥ 3. Suppose that the rotation number ρ(F ) satisfies the Diophantine condition
where K and β are positive constants. If r > 2β + 1 then F has a unique C 1 -embeddding.
Every x ∈ (0, 1) \ Q can be written in the form of the continuous fraction
Denote by A the set of all x ∈ (0, 1) \ Q such that
The set A is of full Lebesgue measure in R (see [15] , Ch.V.9).
Theorem 15 (Herman) . Let F be a C r circle diffeomorphism, 3 ≤ r ≤ ω and ρ(F ) ∈ A. Then F has a unique C r−2 embedding.
In paper [1] W. I. Arnold gave the examples of analytic diffeomorphisms which conjugate to its rotations but the conjugating functions are not even absolutely continuous. This means that they have no C 1 -embeddings.
C 1 -embeddings with several fixed points
If a diffeomorphism of a compact interval has several fixed points then by a simple reasoning we can reduce the problem to the case of two fixed points. It is a phenomenon that the embedability of diffeomorphisms with two hyperbolic fixed points in C 1 flow is very exceptional. The problem of finding some criteria for the function to have C 1 embedding is still open. We know that the set of C 1 -embeddable functions is of the first category in the space of C 1 diffeomorphisms with two hyperbolic points which have second derivative in fixed points with topology induced by C 1 norms (see [50] ). S. Karlin and J. McGregor proved that in the class of probability generating meromorphic functions only C 1 -embeddable functions are linear fractional mappings (see [17] , [18] ).
In wider classes of functions we have only some indirect criteria described by the property of some special functions. 
then f has a unique C 1 -embedding.
A similar result we have also for the convex and absolutely monotonic functions. One can deduce it from A. Smajdor's papers [36] and [37] . It is easy to show that under the assumptions of Theorem 16 there exist the limits
for every a ∈ (0, 1) and k > 0. Moreover, γ is a C 1 solution of (16) in [0, 1). We have the following criterion of the embeddability. (17) is differentiable at 1, or ψ a given by (18) is a C 1 -diffeomorphism for an a ∈ (0, 1) and
If a mapping f is C 1 embeddable then its embedding is C 1 conjugate with a group of rational functions called its normal form. This fact let us to give a formula expressing C 1 embedding. This shows the following result.
For every 0 < s < 1 and k > 0 define
It is easy to verify that the family {p
where ψ is given by (18) .
Let us note that the weakening of the regularity of the function f spoils the assertion. In fact, there exist C 1 iteration groups of C 1 diffeomorphisms with two hyperbolic fixed points which are not diffeomorphically conjugated to any group {p [21] ).
It turns out that a slight modification of C 2 mappings in an arbitrary small subinterval in the interior of the domain makes the functions C 1 embeddable. This property shows the following theorem.
is C 1 -embeddable.
Embeddings of commuting homeomorphisms without fixed points
If two functions belong to a flow then obviously they commute. We consider the inverse problem: when commuting homeomorphisms belong to the same continuous flow?
Let I = (a, b) and f , g satisfy the following assumption: (C) f, g : I → I are continuous and strictly increasing surjections, f < id, g < id,
and f and g are iteratively incommensurable that is for every n, m ∈ N f n (x) = g m (x), n + m > 0, x ∈ I. If we extend the domain of the functions f and g to [a, b), then at the point a they have fixed point. If additionally we assume that f, g are of class C 2 , 0 < f (a) < 1 and 0 < g (a), then we get the positive answer to our problem. It is a simple consequence of Szekeres' results presented in the second section. The problem arise when the functions have only the global regularity on the open interval I without any asymptotic property at the end of the interval. It turns out that then even real holomorphic commuting functions have no joint C 1 embedding. In this case they possess only continuous embeddings.
A fundamental role in the problem of embedding plays the following set
L does not depend on x ∈ I and either L = cl I or L is a Cantor set. This set lets us to characterize a joint embedding of f and g.
Theorem 20 ( [20]
). Let f and g satisfy (C). f and g have a joint C 0 -embedding if and only if L is an interval. If L is an interval then there exists a unique C 0 -embedding {f t : t ∈ R} of f such that f s = g for an s / ∈ Q. This embedding is strictly decreasing.
In particular (see [20] ) we have Remark 1. If f, g ∈ Dif f 1 (I) and f , g are of bounded variation then L is an interval and consequently f and g are jointly C 0 -embeddable.
If L is not an interval then under suitable assumptions f and g can be embeddable in a flow but nonmeasurable (see [45] ).
To avoid the lack of the embeddability or the above mentioned very irregular embedding we extend the notation of flow to the flow of set-valued functions.
Denote 
is said to be a set-valued flow. We have the following results.
Theorem 21 ( [47]
). Let f and g satisfy (C). Then there exists a set-valued flow {F t : I → cc[I], t ∈ R} such that f (x) ∈ F 1 (x) and g(x) ∈ F s (x) for x ∈ I and an s / ∈ Q. Moreover, for every t ∈ R, x → F t (x) is increasing and for every x ∈ I, t → F t (x) is strictly decreasing. The values F t (x) are either singletons or closed intervals.
Theorem 22 ( [47]
). Let f and g satisfy (C) and Int L = ∅. If f possesses an embedding {f t : t ∈ R} such that f s = g for an s ∈ R, then there exists an additive function γ : R → R such that Im γ is countable and f t (x) ∈ F γ(t) (x), t ∈ R, x ∈ I.
If in hypothesis (C) we drop the assumption of surjectivity then we can consider only the problem of embeddability in a semi-flow. In this case we modify the definition of the limit set L by a restriction of the set of iterative indices to the set {(n, m) ∈ N × N : g m [I] ⊂ f n [I]}. It turns out that f and g are embeddable in a semiflow if and only if the limit set L is an interval. Then the embedding is unique and continuous. If L is not an interval then f and g are embeddable in a restricted strictly decreasing semiflow that is a family {f t : I → I, t ∈ T }, where T is a dense countable subsemigroup of additive semigroup (R + , +) such that f u • f v = f u+v , u, v ∈ T . This family is called its T -semi-embedding. Moreover, there exists an additive, countable and dense in R + semigroup G such that for each T -semi-embedding of f and g we have T ⊂ G. The above results are described in details and proved in papers [20] and [23] .
